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ABSTRACT: We study a spherical antimembrane in the eleven dimensional pp wave. In
this background, a single antimembrane breaks all the supersymmetries because its dipole
is misaligned with the background flux. Using the BMN matrix theory we compute the
one-loop potential for the antimembrane. Then we put the antimembrane in the field
produced by a source spherical membrane and compute the velocity-dependent part of the
interaction between them on both the supergravity side and the BMN matrix theory side.
Despite the aforementioned nonsupersymmetry of the antimembrane, it is found that the
results on the two sides completely agree.
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1. Introduction

Banks, Fischler, Shenker and Susskind proposed [l that M-theory should be described
nonperturbatively by what is now known as the BFSS matrix theory. It has passed many

tests. For example, it reproduces eleven dimensional supergravity computations such as

interactions between gravitons and other objects [f] -H]. However, the study of BFSS matrix

theory is not very easy because the flat directions in its potential result in a continuous

spectrum. The situation is improved in the maximally supersymmetric eleven dimensional
pp wave background for which [[[4] proposed the BMN matrix theory. The BMN theory



is a mass deformation of the BFSS theory.! The mass deformation (parameterized by i,
the strength of the background four-form) lifts the flat directions in the potential, giving a
discrete spectrum with the vacua being concentric spherical membrane configurations. It
is then natural to investigate in BMN matrix theory the dynamics of membranes [[L2, [L3],
as well as gauge/gravity dualities [[[4—[Lq].

In [I4, [[5] the interactions between gravitons, and between spherical membranes, in the
pp wave? were investigated, and it was shown that one-loop computations on the matrix
theory side properly reproduce the results on the supergravity side. In this paper, we
continue our work along this line and consider the dynamics of a spherical antimembrane
in the pp wave background.

Of course, in the pp wave the spherical branes that we call membranes and antimem-
branes have no net membrane charge. The distinction between “membranes” and “an-
timembranes” is in their nonzero dipoles, which have opposite sign between the two. Upon
taking the flat space limit, one looks at small regions, e.g. near the north poles of the
spheres, where there is a local concentration of positive charge for the “membrane” and
local concentration of negative charge for the “antimembrane”; these correspond to the
usual membrane and antimembrane in flat space.

In flat space, an infinitely extending flat antimembrane is half BPS, just as a membrane
is. In the pp wave, the nonvanishing background four-form field strength changes the
situation. A spherical membrane (centered at the origin and of an appropriate size) is
half BPS, while a spherical antimembrane breaks all the supersymmetry. This is because
whereas the dipole of the membrane is “aligned” with the background flux, that of the
antimembrane is “antialigned” with it.

Using the BMN matrix theory we compute the one-loop potential for the antimem-
brane. Then we put the antimembrane in the field produced by a source spherical mem-
brane (on top of the pp wave background of course) and compute the velocity-dependent
part of the interaction between them on both the supergravity side and the BMN ma-
trix theory side. Although the antimembrane breaks all the supersymmetries, complete
agreement is found between the results on the two sides.

In flat space, [I§, [[9 considered the interaction of a membrane-antimembrane pair
(in the ITA language, a D2-D2 pair with a large number N of D0’s bound to each) and
found that the results of computations in BFSS matrix theory and supergravity agree.
In flat space, the brane and the antibrane are individually half BPS although the pair
is nonsupersymmetric. Furthermore it can be argued [[J] that, through a series of T
and S dualities, the D2-D2 system (with N DO branes bound to each) can be mapped
into two clusters of DO-branes moving at a small relative transverse velocity v ~ % and
is therefore approximately supersymmetric for large N; this DO system is known [[[] to
exhibit agreement between matrix theory and supergravity results. The work presented
in this paper can be regarded as the generalization of [[[§, [[] to the pp wave in some
sense, although in the pp wave background there is a big difference because, as we have

IFor other Matrix theories in non-flat backgrounds, see e.g. [@] However, in ] the approximation of
a weakly curved background was made, whereas the BMN matrix theory is an exact one.
2In this paper, “the” pp wave refers to the maximally supersymmetric eleven dimensional one. [@]



pointed out, the antimembrane itself breaks all the supersymmetry. In [[[4] it was shown
that BMN matrix theory and supergravity agree on the interaction between two gravitons
in the pp wave, and one might ask whether, by some analog of the duality transformations
in flat space, the membrane-antimembrane pair in the pp wave can also be transformed
into two clusters of DO-branes — more precisely, two clusters of M-gravitational waves® —
moving at small relative speed, which would therefore be approximately supersymmetric,
as in flat space. The complete agreement found in this paper for the velocity-dependent
part of the interaction certainly suggests that this could indeed be the case. However, we
still have to compute the velocity-independent part of the interaction to get the complete
story. Moreover, in flat space, the spatial world volumes of the D2-branes are tori and
one can perform T-duality; for the pp wave, the branes are spheres, and at best we do
not understand how to carry out T-duality. Hence, whether such a duality transformation
exists in the pp wave is not completely clear to us at this stage.

The paper is organized as follows. In section [l we identify the antimembrane configu-
ration in both supergravity and BMN matrix theory. In section fj we compute the one-loop
effective potentials on the BMN matrix theory side, first computing the potential for the
antimembrane by itself, then computing its interaction with the membrane. In section
we compute the membrane-antimembrane interaction on the supergravity side and com-
pare it with the matrix theory result. We end with a Discussion. The technical details of
diagonalizing the fluctuating modes are given in the appendices.

2. Antimembranes in the eleven dimensional pp wave

In eleven dimensional supergravity, the antimembrane’s lightcone lagrangian can be ob-
tained from that of the membrane by replacing A,,, in the latter with —A4,,,. The la-
grangian density of a membrane in a general background is*

1 ..
L=-T |:\/ - det(gij) - ge”kAWp(?iX“(?jX”(?kXp} s (21)

and the lagrangian density of an antimembrane (distinguished from that of a membrane
by use of an overbar) is obtained by flipping the sign of the Wess-Zumino term, so that

_ 1.
L=-T |: — det(gij) + ée”kAWpBiX"BijakXp} . (2.2)

The lightcone lagrangian density, L. (X4, X4,0,X4; X, 11_,8,X), is obtained

through Legendre transformation of the z~ degree of freedom. As for the untransformed

3We note the curious fact for pp waves that the compactification breaks precisely those supersymmetries
preserved by the momentum along the circle so that DO branes effectively break all the supersymmetry
of the ITA background, although there is supersymmetry in 11-dimensions. This was first noticed in the
context of the 26 supercharge pp wave in [@ But at the end of the day, we are not interested in the
compact theory, but only use the language of D-branes for convenience.

4We use indices 4,4, k,--- = 1,2,3; a,b,¢,--- = 4,...,9; and I,J,K,--- = 1,...,9, unless otherwise
stated. Indices p,v, -+ =4,—,1,...,9 are 11-dimensional curved-space indices.



lagrangian, we flip the sign of A,,, in £; ¢, to get the lightcone lagrangian for the antimem-
brane. For the pp wave, the only nonvanishing component of the three-form is

1z k
A-i—ij = geijkx s (2.3)
so equivalently we can replace €;;; with —¢;;,. Let us consider a spherical antimembrane
with X/ X? = 7"62, X% =0, and M-momentum density II_ = sinp". After integrating over
the sphere, its lightcone lagrangian is,

_ pro(drp\? Bt o T% 4 3
e =an O (58) - B0 - |

4(5+\3 2
k) L dn Lo 14 23 _ 3T,
=4 <—— A A nzwﬁro- (2.4)

1872 9 9

Note that the potential V() ~ (§7° + sn* + 2n®) = §n*(n + 1)? is a monotonically in-
creasing function with its only minimum being at 7 = 0. (Contrast this with the membrane
potential V (1), for which the 7% term has the opposite sign, and thus a local minimum at

43

1n = 1.) Because of the “wrong” sign of the dipole it carries, an antimembrane of constant
size does not solve the equation of motion and is therefore an unstable configuration. This
is in contrast to flat space, for which a single antimembrane is half BPS and thus stable.
In the BMN matrix theory, the above spherical antimembrane configuration is given
by replacing X? with —X* in the usual fuzzy-sphere solution. Let us see why this is so. The
action of the matrix theory in a generic weakly curved eleven dimensional background [[1],
R1] contains the following term describing the coupling of the matrix theory object given

by X* with the background three-form, up to an overall numerical factor
S = J]V[NP(“Z”)()(Z)a21 ce 8inAMNP(O) , (2.5)

(M,N,P = 0,1,...,10, i,i1,...,in = 1,...,9) where JMNP(1in)(X?) is (the moment
of) the three-form current, and 0, --- 0;, Apynp(0) is (the derivative of) the background
three-form, evaluated at the origin. For the pp wave, this gives

Sy = JHialin) [ail (gejkm’fﬂ (0) = J+iﬂ’(k>%eljk - —ﬁ Tr (2 (X7, X] X’“) €ins (2.6)

where in the last line we've used the fact that [R1]

g = Loy (i [, x7) x*). (2.7)
6R

As one can see S7 is nothing but the Myers term in the BMN matrix theory. Now sending

X% to —X* flips the sign of S;, which corresponds to the sign-flip of the Wess-Zumino

term on the supergravity side we mentioned earlier. Hence if X represents a spherical

membrane, X* = —X* will represent a spherical antimembrane.



3. Computation in the BMN matrix theory

3.1 Tree level
The BMN matrix theory action is [[[(]

9 3 ) 9
S:/dtTr{Z% (D, Xx1)? +¢¢TDt¢+% Z [XI,XJ]Q—
I=1 I,J=1
T A 1 1 K 2 & 1\2 K 2 2 a\2
- Z X g |- (5) 2ot (§) | -
M?’R)M > 7 k
Lk} VS, R i;};le” X XIxFY, (3.1)

where D, X! = 9, X1 —i [XO, bed ], M is the eleven dimensional Planck mass, and R is the

radius of the M-circle. We also define the parameter oo = In what follows we set both

1
M3R*
M and R to one (and hence o = 1), which can be easily restored later. The background

B, 0
Bl — ( (1) ol ) , (3.2)
0 By

field configuration is

where

1

By = 3ty By =0 Inpxnn, (3.3)

represents a spherical membrane sitting at the origin of all the transverse directions of
pp wave, and

i B a a
By = _§J(2)7 Biyy = 2%(t) - INyx Ny (3.4)

represents an antimembrane sitting at the origin of the 1,2, 3 directions and moving along
the trajectory z%(t) in the 4,...,9 directions, with the extra minus sign in BE'2) appro-

priate for an antimembrane as explained earlier. J(i) s = 1,2 is an Ng x Ny dimen-
sional irreducible representation of su(2) with {J(S) J(]S)] = ieiijé“S ) The background
values for the gauge field A and the fermions all vanish. Recall that the Casimir of the
2
Ng-dimensional irreducible representation of su(2) is given by J(S)J(Z) =Nl Nox Ny

7]
Tr(B:,, B!
hence the radius of the membrane is ro = |/ W = %‘/NIQ — 1 (which is approx-

imately %Nl, for large Ny, or %HNl upon restoring «), and that of the antimembrane is

v = (B (2) (2)) b /NZ-T

Plugglng the above background configuration B! into (B.1)), we find that contributions
from B(Il) cancel out as expected (since a lone spherical membrane is supersymmetric) and
what is left comes purely from the antimembrane,

Stree:/dtNQ{ax 7 —2(‘;)4%_%<%>2xaxa},



N 1., PNANZ —1 1 /pn\2
- dt i a_2(_) 27__<_) Ea ’ ’
/ 2{2m * 3 4 o\6) 7 (3:5)

with the subscript “tree” denoting that this is the tree-level action. The second term, i.e.
the constant potential term in the above Siyee, stems from the fact that the antimembrane
with a constant radius r{, is not supersymmetric and does not satisfy the equation of motion.
In fact, recalling that the total M-momentum carried by the antimembrane is No, which
is equal to [II_ = 47p™, and also noting that 7' = % (recall T = ]\24—;), we see that the
constant term is equal to the lightcone lagrangian (R.4)) in the large N5 limit (upon setting
Ty = 3@; = “6&, i.e., setting = 1). But we've already commented after eq. (.4) that
n = 1 does not solve the antimembrane equation of motion.?

Although an antimembrane with a constant radius does not satisfy the equation of
motion, it provides an off-shell background field configuration whose effective potential can
be computed. This is just as for ordinary field theories — indeed the BMN matrix theory
is just an ordinary quantum mechanical (field) theory. More examples in which off-shell
background field configurations in the BMN matrix theory were considered, in order to
test gauge-gravity duality, can be found in [[[4, [[3], in which the probe graviton/membrane
was allowed to follow an arbitrary off-shell trajectory and complete agreement on the two
sides of the duality was found.

3.2 One-loop

The one-loop potential is given by the Coleman-Weinberg formula (also called the “sum-
over-mass formula”),

1
-1
‘/eci){ne P = _5 <Z Mposon — Z Mfermion — Z mghost) s (36)

where the ghosts arise from the standard gauge fixing of the background field method.
(For explicit details in the context of the pp wave, see [[§, [4, [J].) Upon writing the
fluctuations as,

X' =Bl +Y!, (3.7)
and rescaling

A—pVPA, Y= 7Y O =20 C— P BN - B i,
(3.8)

the part of the action that is quadratic in the fluctuating fields no longer contains p
explicitly and is given by

1, . 1 o
Sy = /dtTr {5(1/1)2 —2iBMA, YT + 5([BI,YJ])2 + [BL, By, Y] —iek Biydyk—

- 2(Yi)z—1 ! Q(Ya)Z—l—i\I’T\i/—\IleyI[\IJ Bf]—ilxpwu?’xp—
2\3 2\6 ’ 4

5To get an antimembrane of radius other than ”6&, i.e. with n # 1, one takes B(iQ) = fth(iQ) with h

being a pure number which then gives rj = hﬂeﬁ, i.e. n = h. Similarly for the membrane.



%(A)Q _ % ([BI,A])2+C'C'+[BI,C][BI,C]}, (3.9)

where the v!’s are 16 x 16 real and symmetric SO(9) gamma matrices. Write the flucuating
fields in block form

0 0 I I
a=() () (),
d Z(Q) P Z(Q) X \I’(Q)
Ch C (G ©
c= ("W C= ("W = |, 3.10
(CT 0(2)>’ (CT Coo (3.10)

It is easy to see that the contributions to S5 from the bosons, fermions, and ghosts
separate,
SQ = Sboson + Sfermion + Sghost- (311)

Furthermore, one can see that the contribution from the diagonal fluctuations Z?s), Z(IS),
etc. (which are Ng x Ng matrices, s = 1,2) and that from the off-diagonal fluctuations
PO, <1>0T, etc. (which are N1 x Ny or Ny x Nj matrices) also separate (using the subscript
“d” to denote “diagonal” and “o.d.” to denote “off-diagonal”)

Sboson = (Sboson)d + (Sboson)o.d., Sfermion = (Sfermion)d + (Sfermion)o.d.a
Sghost - (Sghost)d + (Sghost)o.d. (312)
3.2.1 Diagonal fluctuations

Below we shall first look at the mass spectrum of the diagonal fluctuations. Again, one sees
that the contributions from the membrane block and that from the antimembrane block
separate, i.e.

(Sboson)d = Z(Sboson)d(s)a (Sfermion)d = Z(Sfermion)d(s)a (Sghost)d = Z(Sghost)d(s)-

s=1,2 s=1,2 s=1,2
(3.13)
Recall that the background configuration after rescaling by p is given by
i L
B(S) == 77551](8), S = 1,2, (314)

with 71 = 1 and ny = —1. It is straightforward to show that

(Shoson)a(ey = Trd =(ZL 2 — Lez0 42, 1 1Q[Ji ZJ}2+ LY ik 96y 2l 2,y -
boson )d(s) = 5 \“(s) 5\ “(s) 2\ 3 (5)2 “(s) 3 (s)>“(s)| “(s)

Lok, LT o5 ] ok N1
— i [T 2| 28 - (g) 24—

_ (%)2 %(ng))Q _ % (%)2 [J(is),Z?S)r } (3.15)



Using the fact
N ki Pk 1
1, wm ] m —
TI‘{(g) 6‘7 € |:J(3)7Z(s):| |:J(s)7Z(s):|} =
_nd (1Y [Jj Zkr—[Ji A ]2+'WZZ' [Jj Zk] (3.16)
- 3 (s)> “(s) (s)> “(s) LT 2(s) [ () “(s) S
one can rewrite (B.15) as
1 50 2 N T 012 e
(Sboson)d(s)ziTr{_(Z(s)) - (g) |:J(3)7Z(s)] + (Z(5)"—
1\ i - _ijk J k 2
B <§> (2l + i€ ne [ 7 28] ) +
1 ? i ) 2 70 \2 1 ? 1 a \2 7 a 2
+{3 i 2|+ (20 - 3) |74 — [T 20| )+
1\ 2 — -
) 1 J
(-7 <§> i 7, [J(S),Z(S)] } (3.17)

All but the last line of eq. (B.I]) can be obtained by replacing J(is) in equation (5.2)

of [1J] with N5 (-

membrane configuration satisfies the equations of motion with zero energy — i.e. it is BPS.

For ns = 1, the last line vanishes, of course, and one finds that the

For n, = —1, the last line explicitly demonstrates the absence of supersymmetry for the
antimembrane configuration.
Now we want to diagonalize (Sboson)d(s). We use the N; x N, matrix spherical har-

monics Y](;;) (j=0,...,Ng—1; m=—j,...,7) to expand the fields, e.g.
SR (5)
0 _ 0 s
2= 22 22 ZoimYim- (3.18)
=0 m=—j
As Z(OS) is not coupled to other fields, finding its mass is trivial. By noticing that
. Ns_l J .
T (20 = 3 D0 No|Zim|
=0 m=—j
A NsZlL J 2
i=0 m=—j

one finds the mass of Z%.  to be
(s)jm

1 —
g\/](] +1). (3.20)
Similarly Z(as ) is not coupled to other fields and one finds the mass of Z(“;)jm to be

1 /1 1 1
=i+ ) ==(+=). 3.21
3 4+J(J+) 3<J+2> (3.21)



The Z(is)’s are coupled and finding their masses requires slightly more work. We relegate
the details to appendix [A], where the masses and degeneracies for s = 1 are given in
eq. (AH), (A1), while the masses and degeneracies for s = 2 are given in egs. ([A.6])
and ([A.1)). This is summarized in table [I(a).

It is worth pointing out that there are twenty one tachyon modes in the antimembrane
spectrum ([A.€), corresponding to mass %\/jQ —45+1 for j = 1,2,3, with the masses-

2, -3 (%)2, -2 (%)2, and the degeneracies being 25 + 3 = 5,7,9
7273

squared being —2 (%)
respectively. These correspond to instabilities in the fluctuations of X123 and will cause
the antimembrane to decay.

Next we look at the contribution from diagonal fluctuations of the fermion. This part
of the action (B.9) is given by

_ ot s gt i i Lot 123
(Stermion)a(s) = Tr (Z‘I’(s>‘1’<s> — 3V e i) — i)y ‘1’(s>> )

. a g s ar g ) 1 a
=Tr <“/}2-3 w(s)Aa + szfj) (U )aﬁ[w(s)Aﬁa J(s)] - szfj) w(s)Aa> ) (322)

where in the last line we have written the spinor in the SU(2)xSU(4) form 94, with o
being SU(2) index and A being SU(4) index, and o’ is the standard Pauli matrix. One
immediately sees that for solutions of the eigenvalue problem

(O-i)aﬁ |:J(Zs)a¢(s)Aﬁi| = )‘Tzz)(s)Aom (323)

the action is diagonalized with the mass of 9,4, given by "—35)\ + ﬂ This eigenvalue
problem is solved by the matrix spinor spherical harmonics 3] (see also [B3, [J) so we

just quote the result,

A=, with 7 =0,...,Ns — 1, m=—j—1,...,7,
A=—j—1, with j=1,..., N, — 1, me=—j...,§—1, (3.24)

which gives the masses summarized in table [[|(b).

As for the ghost part of the action, there is no difference between s = 1 and s = 2,
and for both n; = £1 the masses of the ghosts are %\/j(j +1) with 5 =0,...,Ng — 1
and m = —j,...,j. This completes our presentation of the mass spectrum of the diagonal
fluctuations; see table f](b). Note that this spectrum is independent of the antimembrane’s
motion z%(t) in the z#,... 2% directions. As a result, 2%(¢) (and its time-derivative) does
not appear in the part of the one-loop effective potential coming from the diagonal fluctu-
ations, which we turn to below.

3.2.2 One-loop effective potential for a single antimembrane

Using the mass spectrum of the diagonal fluctuations found in section B.2.1 we can now
compute the one-loop potential for the membrane alone and also for the antimembrane
alone — i.e. that part of the potential that does not include the interaction between the
two. For the membrane, the mass spectrum we gave above is the same as that in [[12],
for which Ve(gle'loolj vanishes as expected (since it is supersymmetric). On the other hand,



mass range of j degeneracy
3J 1Sj<Ng—1] 2j-1
ne=1 | $ViG+1) [1<j<N,—1| 2j+1
1G+1) 0<j<N,—1| 2j+3
V2646 | 1<j<N,—1| 2j—1
ms=—-1] 2\/j2+j+6 | 1<j<N,—1 2j +1
5Vi2—4j+1 | 0<Sj<N,—1| 2j+3
(a) Z°
mass range of j degeneracy
ns=1 | g(j+3) |0<Sj<Ny—1] 2j+2
T+ 1gj<N, -1 2j
ns=—1] [5—4] |0<j<Ns—1] 2j+2
I+ |1<j<N, -1 2j
(b) fermions
mass range of j degeneracy
IViG+1) |0<i<N,—1| 2j+1
(c) Z°
mass range of j degeneracy
LG+ Jo<jsN,—1] 2j+1
(d) z¢
mass range of j degeneracy
WiG+D [0<j<N,—1]| 2j+1
(e) ghosts

Table 1: The mass spectrum of the diagonal blocks.

for the antimembrane all the supersymmetries are broken and the one-loop potential does
not vanish. Before writing down the formula for the effective potential, we first undo the

rescaling done on the fields and time in eq. (B.§) by replacing v — ¥, Vog — uVig, and also

"’
restore powers of a. One then finds

Vone—loop o

No—1

>

J=0
No—1

1
2#

+ 2(23‘—1)%

No—1

No—1

(2j + 1)%/;’(;‘ +1)+6 ) (27 + 1)%
j=0

No—1

j=1
No—1

1
) 5 - _ )
+ZO(2J+3)§\/] — 45 + 420(23—1—2)
j= j=

No—1

—4) " 2j
j=1

o)

To expand the above summation (B.2§) for large N,, we use the Euler-Maclaurin

,10,

No—

23 @+ 03V + D)
=0

1

<j+%>+

——— ol e
]2+6j—|—6+2(2]+1)§\/]2+j+6+




formula,

n—1 n oo
> 5= [ 709 = 315+ 100+ 32 g [ - gm0 (320

where f(™ (k) stands for the mth-derivative of f, and By, is the Bernoulli number ( % =
%, % = —%0, % = m, % = —m, and so on). Applying this to the summa-
tion (B:25) (using Mathematica®), we find that all terms with positive powers of Ny cancel,

leaving

poneloop(yy _ [%(2\/5 n \/g)} n {_g [b + %7Ni2 +0 (N%?)] } . (3.27)

Note that V;(;IG'IOOP has a constant imaginary part coming from the twenty-one tachyon
modes in the antimembrane’s fluctuations along the X123 directions, which gives a con-
stant decay rate. The pure number b in the real part of V:gle_lool) has an approximate value
of —4.56 and is just the zero-point energy of the nonsupersymmetric antimembrane.

3.2.3 Off-diagonal fluctuations
For any N, x Ny matrix M define

{J', M} = J(yM + MJ,,, (3.28)
and

[J', M] = J{,yM — MJ(,,. (3.29)
(When N, = Nj, this notation goes without saying, of course.) One useful identity is

{7, {T, M}} =2(Agy + A)M — [T, [, M]]. (3.30)

with A(r) = # being the Casimir J(ir) J(ir) = A(T) -In.xN,-

The off-diagonal fluctuations give the interaction between the membrane and the an-
timembrane. Let us first look at the bosonic part. As can be readily seen, the &0, @
part of the action and the ®1%3 part are not coupled, i.e., (Sposon)o.d. = (Shoson )o.d..0a +
(Sboson )o.d.,123, With

Ua

2
(Sboson)o.d.,Oa =Tr <q')a(i>af - Qi;((bmq)a - (IDGT(EO) - <%> [‘]27 q)a] |:JZ7 (I)QT] -
. 1\2 A
— $0§OT 4 (g) [, 0] [, 0% +

_l’_

1\2 bt 0,01
2<§> (A1+A(2))+7 OV P —

1\2 1\2 abzb
i [2 (5) @eaar+ (5) + %

@aw) : (3.31)
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(with v* = &%) and

1\ . o by
(Sboson)o.d. 123 = Tr <q>2<1>” _ <§> {7, 87} {JZ, ot } — %@l@“ + (3.32)

1\2 . 1 /1 o 1\2 . .
+2( 5 ) det [F 0| @it it () (g er} okt - (2 ) et ).
3 3 3

The masses of ®°, ® can be readily found. Making use of the SO(6) symmetry to set
v® = v8%, we see that &9, ®° are coupled, while ®+5678 are decoupled. One then expands
the fields using the N X Ny matrix spherical harmonics

1

j
o= Y Y LY (3.33)

. |[Ny—Nso| m:—]
J="3

Ni+No
2

$45.6,7.8

The masses of are then immediately seen to be

\/2 (%)Q(A(1)+A(2))+ <é>2+%— <%>2j(j+1), (3.34)

with 7 = w,...,w —1land m = —j,...,j. For ®° &7 we first Wick rotate
A — iA (which means ®° — i®° and ®°7 — ®°") and v — —iv. Then one finds that the
mass squared matrix for ®°, &9 is given by

A
Lz A (?) (3.35)

where we have expanded using matrix spherical harmonics and suppressed the jm sub-

scripts (since different jm components do not mix), and A=2 (%)2 (A(l) + A(Q)) + ngb —
(%)Qj(j +1). Diagonalizing this 2 x 2 matrix we get the mass of ®°, ®°
1/2
Ap L d g 2 (3.36)
2772 i ' ’
with the range of (jm) being j = |N1;NQ‘,..., NHQ'NQ —landm=—j,...,7.

Finding the masses of ®123 involves substantial work and the details are given in
appendix [J. Those masses contain x%(¢) but not its time-derivative v.
The mass spectrum of the off-diagonal fermionic fluctuation y is computed in ap-

pendix [ and summarized in egs. (C.24) and (IC.25).
The off-diagonal ghost part of the action is given by

%z _

2 cct—

(Sghost Jo.d. = Tr ((C’C’T + éTC) - (é)Q {Ji, C’} {Ji’ CT} _

- 12 —



1\ 2 a,.a
N <§> {Ji,C'T} {7, cY - xﬂf CTC>. (3.37)
Using
T (- {7, {7, cT}) =T (¢t {7 {7, 0} })
=T (=2(Aqy + Ap)CCT = [J,C] [ Ct]), (3.38)

one readily finds that the masses of C' and CT (with their complex conjugates being Cf
and C respectively) are the same and are given by

\/2 (%)2 (A +Aw) + x;fa - (%)2;'(1 1), (3.39)

o1« |Ni—N.
Wlthj:‘ 5 2‘,...,N1JQFN2

—land m=—j,...,J.

3.2.4 Interaction between the membrane and the antimembrane

The part of the one-loop potential describing the interaction between the membrane block
and the antimembrane block is obtained using the mass spectrum of the off-diagonal fluc-
tuations worked out in section B.2.3. This is done by writing down the sum-over-mass
expression (B.6), using the Euler-Maclaurin formula (B.26), replacing Ny by %, Ny by %3,
then expanding in powers of « and in the end dropping terms at quadratic or higher orders
in a. The reason for this a-expansion is the same as explained in [[[J]: as we shall soon
see in section [, the interaction on the supergravity side is O (ozl); since here we are only
interested in comparing matrix theory predictions to supergravity results, on the matrix

theory side we can also just keep order o'

. Indeed, higher orders of a come with higher
powers of %, thus becoming important only at short distances; these are matrix theory
corrections beyond supergravity.

We shall compute the velocity-dependent part of the effective action, V;?ﬁig’:ﬁ , which
can be seen to receive contributions only from the masses of ®°, ®° and the fermion Y.
After restoring powers of o and u as described above eq. (B.2§), the sum-over-mass for
®0 ®Y y is (assuming that No > Nj, i.e. that the difference between the radii of the

antimembrane and the membrane w = rj; — rg > 0, and defining z = /z%2 to be the

separation of the two objects in the z*,..., 2" directions)
ne-1
Vit vedep, =
1 ngl
= {2 (2j + 1)x
2a j= IN1—No|
- 2

5Tn section , we did a 1/N> expansion to compute the effective potential for a single antimembrane.
Since the only a-dependence appears via Na = %7 this amounted to an a-expansion. Of course it has to
be this way; despite the fact that diagonal fluctuations were considered there and off-diagonal fluctuations
here, they both belong to the same quantity, namely the one-loop effective potential.
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X

\/z2 + (O;)_“)Q [% — G+ 1)] + (0‘7’;)2 + %\/(au)4 + (144av)2+

+ \/22 + (O‘—;)Q {w — i+ 1)] B e O/ v E v

2 72 72

No—N;  1)°
A(Ny + NQ)\/ZQ + (ap)? (% —~ Z) +av—
Ni+No 1)?
4(Ny — N1)\/22 + (op)? (—% - Z) + av—

T2 2 2 2
1 [N2+N. 1
-4 2(l+1)$22+(au)2<§\/%—(l+1)2—1> +avt
l:\N1;N2\
1 [N2+ N2 ’
+41224+ (au 5\/ L 5 (l+1)2—--] 4+av
NQ—N1 1\?
4(Ny + N) =) -
NN, 1)
N2—N1\/ 12 2—1) — av—
N142>N2_2 . N2 N2 ) )
—4 > 214 1)[4] 22+ (ap)? <§\/71; 2 —(l+1)2—1> —av+  (3.40)
1 [Ny —No|

+\l,22+(ozu)2 (%\/W(Hﬂ)? i) av]

Carrying out the procedures outlined above, we find that, for the velocity-dependent part
of the above V:;;f} lc‘l)e(;p, terms at O(a) as well as terms with negative powers of « all cancel

out, and and the final result is (after Wick rotating back, i.e. v — iv)

one-loop 9 3,4 995[1 5w 126w+ 22
e A LR FAS e |

The final step in getting the result (B.41]) is an additional expansion called the “near-
membrane expansion” in which we expand in the parameter % (where ¢ = \/m) and
then only keep the leading terms (which are the terms that diverge as £ — 0). The only
reason for doing this near-membrane expansion is that on the supergravity side we have
only worked to leading orders of this expansion (see section ] below and [[§]) and we want
to compare the result here with the result there. Without doing this expansion, we would
obtain the analog of the interpolating potential given in section 6 of [[[], which would be
valid regardless of whether the separation £ between the membrane and the anti-membrane
is much smaller than their radii or not. Additionally, we have set v to be of order u&, in
accordance with section ] below.
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4. Interaction calculated on the supergravity side

On the linearized supergravity side we use the source-probe analysis, treating the membrane
as the source and the antimembrane as the probe.” The metric and gauge field pertur-
bations hy,,a,.,, produced by the source membrane were computed in 5. As pointed
out in section fl, to get the lightcone lagrangian L, . for the antimembrane we just have to
take the membrane L, given in [[§] and flip the sign of the terms containing Appp. We
shall make the assumption that v is of order ué, & = vw? + 22. This is because on-shell
trajectories of the antimembrane are in general elliptical orbits in the %9 directions and
have v ~ uz ~ u&. Although here we do not require the trajectory to be on-shell — the
orbit can be of arbitrary shape — we choose it not to be “too off-shell” by requiring its
velocity to be of the same order of magnitude as those of on-shell trajectories. Finally, as
in [[5, since we are only interested in the part of the membrane/antimembrane interac-
tion that diverges as the two objects get closer and closer, in the expression for L. we
shall only keep the terms that are singular as & — 0 which are the leading terms in the
near-membrane expansion.

The result, upon writing L .. as the sum of a velocity-dependent part Ijl_c_, v-dep. and

a velocity-independent part Ijl_c_, v-indep.» 18

) 1 3 lw 1 2w?+ 22
Lt vdep. = | [ dOdOTI_A) ——— g st w2 |
Le, v-dep. </ ¢ >(w2+22)5/2{ v [3+2m+48 g H

(4.1)

4,4 2 2 2 2

- Ty 2 8w (32w —11z%)  w(8w* —5z%)

Lic v-in = dOdpIl_A | ———————— = + ——
lc, v-indep. </ ¢ > 9(w? + 22)5/2 {3 * 3ro + 12r¢ * 8rg *
128w + 252w?2% + 1252*
+ ( 1 ) , (4.2)
3841

where the quantity A, which is a proportionality constant in humauvm is given by

16#@% (see eq. (76) of [IF]). Now recalling that r{ = ’g’% = 3Tsm9 gives TI_ =
/T 3 0 .
3rg :m _ 37‘07;LSH19 <1 4 ﬂ)’ ’%%1 _ 1]3?957 T — M and MSR = a, we find
Yo w
ddpll_ A=— (1+—]. (4.3)
K 7o
Plugging in this value of [ dfd¢II_A yields
- 9a 34 1 5w  26w?+2°
Licovdep. = 55713 = -t ———1 ¢, 4.4
l.c.,v-dep. 1 (w2 T 22)5/2 { ’U —|'U ro,u |:3 + 67“0 + 487“8 :|} ( )

- ap’rg 2 10w (64w? —112%)
Llc,v—indep. = 75/2 o> - 1592

(w? + 22) 31 * 1212

"Since the antimembrane is treated as a probe it does not contribute to the stress-energy tensor, and
thus integrability of Einstein equation does not require its trajectory to satisfy equation of motion. See

also , ]
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w(88w? —3722)  (512w* + 12w?2? + 1252%)
3 + n . (4.5)
247y 384r;

where in the final expressions of the L’s we have again only kept terms that are singular
as £ — 0.

Comparing the matrix theory result (B.41]) with the supergravity result (f.4), we see
that they completely agree. That is to say, at leading order of large 7 (i.e. in the flat space
limit, which is given by rg — oo, u — 0, holding urq fixed) they both reduce to

555 | = - . 4.6
[2(w? 1 22)5/2 <8v T 3VTos (4.6)

This reproduces the flat space agreement; furthermore, the pp wave corrections to the
5w + 26w? 422
6 ro 48r2

extended to the pp wave. This is quite remarkable.

potentials, i.e. the < > terms, also agree. Thus, the flat space agreement is

Let us also compare the membrane-antimembrane interaction found above with inter-
action of other objects in the pp wave. The velocity-dependent part of the membrane-
membrane interaction is (eq. (95) of [IF])

Yo 34 9.9 o[2w?+ 522
Lmembrane-membrane = m {g?) — U Ty w . (47)

Although in the X4, ..., X? directions the membrane-antimembrane pair are point particles
like gravitons, the interaction in these directions is not the same as that of gravitons. In
fact, the ratio of the coefficient of the v??2? term to that of the v* term for the membrane-
antimembrane interaction ([.4) is %, while for the graviton-graviton interaction this ratio
is different, being given by o= (see equation (97) of [[[H)).

5. Discussion

In this work, we examined a spherical membrane and antimembrane in the M-theory
pp wave using both M(atrix) theory, and supergravity. We have seen that the one-loop
potential reproduces the interactions seen in the supergravity from a probe anlaysis. This
remarkable agreement, for a nonsupersymmetric system, does not just provide more evi-
dence for matrix theory. It also leads to additional interesting questions as, given the lack
of supersymmetry in the system, one might have expected the potential to be renormalized
towards (naive) disagreement. As mentioned in the Introduction, it is possible that the
membrane-antimembrane pair in pp wave is approrimately supersymmetric in a way simi-
lar to a membrane-antimembrane pair in flat space. That would explain the agreement we
have found.

We have put more emphasis on the interaction between the membrane and antimem-
brane as a way of testing the gauge/gravity duality in a nonsupersymmetric setting, and
only briefly talked about of the dynamics of a single antimembrane in the pp wave. How-
ever, it is worth pointing out the antimembrane by itself deserves further investigation.
First, we have found that its fluctuations have tachyon modes and hence one would like
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to better understand what is the final product of the corresponding decay process. One
natural guess is these tachyon modes cause the antimembrane to deform (and perhaps
finally disintegrate), during which gravitational as well as three-form gauge field radiation
is emitted. Alternatively, one might suppose that the antimembrane collapses and passes
through itself, thereby inverting its dipole to become a membrane, cf. [24], perhaps emit-
ting radiation in the process. (In fact, the first guess is a special case of the second, in
which the final membrane state is in the trivial SU(2) vacuum.) It would be interesting to
show what happens by a concrete computation. Secondly, we have put the antimembrane
off-shell at a constant radius r{ = ‘g’%. By looking at the antimembrane’s lagrangian (P-4)
we see that the trajectory solving the classical e.o.m., which depicts a collapsing antimem-
brane, is given by elliptic integrals. The recent work [R5 considered spherical D-branes in
flat space which collapse due to its tension. The trajectory there possesses a large-small
duality relating r to 1/r, which comes from complex multiplication properties of the Ja-
cobi elliptic functions. It is therefore not inconceivable that our antimembrane will also
exhibit this large-small duality, and it would be interesting to work out the details and try
to understand the physical implications. This duality, as observed in [R5, is probably a
disguise of T-duality. A better understanding of that might shed some light on the issue of
duality transformations for spherical branes discussed in the Introduction. This, in turn,
could help explain our precise agreement between the matrix theory and the supergravity.

We have left the matrix theory computation of the velocity-independent part of the
one-loop interaction between the membrane and the antimembrane to future work (the
interaction on the supergravity side is given in eq. ([L.§)). The necessary ingredients for

,2,3)

that computation (i.e., the masses of ®! are worked out in appendix [B], and are fairly

complicated expressions.
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A. Finding the masses of Zfs)

We would like to diagonalize the Z(is) part of the action (B.I7). This is easily done using
the vector spherical harmonics Yﬁm BJ (see also [R3)), for which

it [V ] =G+ DY s = Ne—Lim= =L - 1,

ik | T Y o] = 1Y j=1. o No=Lim=—j,....j
ik [Jﬂ',}fjﬁum} — iV it j=0,... Ny—Lim=—j—1,....5+1 (A1)
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and
[T Y] = Vi (G + 1)8j1Yim. (A-2)
One can check that the total number of vector spherical harmonics is 3N2, as it should be.
Thus one can expand

2= ZjpnYipme D = (—1) L7

jlms

(A.3)

Jlm
to find that the Z% part of the action (BI7) becomes

1 . 2 . 2 . 2 1 2 . 2 2
3 I ‘ijl,jm‘ +‘Zj,jm( +‘Zj+1,jm‘ —<§> (G +1=n9)"Zj—14ml” —

1\’ 2 2 1\? 2 2 1) 2
~(5) WP 12l = (3) G+ 02 Zrsm = (3) 36+ D1 ZimP -
1\? 2 1\? 2
=) (3) G4 1Zmgnl = =) (5) 12+
1\?% . )
+ (1 - 773) g J |Zj71,jm| . (A4)
It is then easy to read off the masses of the eigenmodes. For n, =1,
for Z;_1 jm, the mass is gj,
1
for Zjjm., the mass is g\/j(j +1),
1
for Zj11,jm, the mass is g(] +1), (A.5)

with the degeneracies given in eq. ([A.]). (This spectrum agrees with that given in [[[J], of
course.) For ny = —1,

1
for Zj_1 jm, the massis g\/j2 + 67 + 6,
1
for Z; jm. the mass is §Vj2 +7+6,
1
for Z; i1 jm, the mass is g\/jQ —4j+1, (A.6)

with the degeneracies again given in eq. ([A).

B. Finding the masses of ®'*3 — fuzzy spherical harmonics for anticom-
mutators

The generalized Jacobi identities
{A’ {B7 C}} = {{A’ B}’ C} - [B7 [A’ CH = [[A’ B]’ C] + {B’ {A’ C}} ) (B'l)

will be used heavily in this appendix.
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B.1 A comment on fuzzy spherical harmonics

Fuzzy spherical harmonics have been reviewed extensively in 9], and we will not repeat
those comments here. However, we will change notation relative to that reference, so that
now the SU(2) index is 4,7, -- = 1,2,3. We trust the reader will not get too confused by
the use of j,1,m as both indices and angular momentum quantum numbers.

As a consequence of identity (A.32) of 3] (which expands a product of two spherical
harmonics as a sum of spherical harmonics), observe that since (cf.. equation (A.16) of [P9])

N2 -1 N2 -1
Y =y (B2)
6 1,%+1, 12 10,

Jt =7
the following identities hold:

vy _ YU+ D2 = m2[(¢+ 1)2 — Bty NERR (g4 gy

I, - Yer1,m+
o 20+ 1)/ + 1)(20 + 3) &L,
m[f(f + 1) + —Nf;Nf?]Y
20+ 1) emt
Vi —ma)jp - BRR R
+ }/[71 m» (B3a)
201/(20+1)(2¢ — 1) ’
vy D CEm ()2 - N NN (g
S Yy = = Yorime1+
200+ 1)\/(20+ 1)(20 + 3) 7
2_N2
(—m)(l+m+ e +1)+ 2
ARG TR (R R W

20(0 + 1)
V(€ =m = 1)(0 —m)[2 — DNl NGNS g
20,/ (20 +1)(20 — 1)

This, the known commutators, and hermitian conjugation, is sufficient to determine,

+ Yeoimi1.  (B.3b)

I+ 12 =m0+ 1)2 — WMl ((WENl? _ (g 4 1
(0+1)/20+1)(20+3)

{7y = Yer1,m+

N2_N2
+ MY +
e+t
i —mayjer — CRRy iR — gy
0/ 20+ 1)(20—1)

O m T D m o 2)[(+ 1)2 - TRl ()

+ Yo_1,m, (B.4a)

JE YNl Yei1m
{ fm } N (C+1)/20+1)(20 + 3) Frimt
VEFmTEmT DM
0+1) fmd
CFm—1)(Fm)2— DN Nt o) o
Vi (Fm) M) (N o 1)

0\/(20+1)(20—1)
We will want these identities shortly.
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B.2 Fuzzy spherical vector eigenvectors

The action (B.33) has equation of motion

N2+ N2 . [y S I P I B
LT Mg (X)) @ig s [0, [, 8] + =€ [Jﬂ,cb] il {Jﬂ q)’f}. B.5
B o) 2y L L g 3 (B.5)

So it is sufficient to consider the eigenvalue equation

§i— —

[, (77, @] + 20" [ 17, 0% — 3ied* { g1, @} — 2o, (B.6)

This is what we do now.
Let us attempt to analyse this by expanding ® in the (ordinary) fuzzy vector spherical
harmonics. To do this, we need to know

idk {Jﬂ, ﬂm} . (B.7)
We will work these out, in terms of vector spherical harmonics, in turn.

B.2.1 Preliminary mathematical results

Before starting, we can obtain a useful fact, namely, that the inner products of these vectors
is

1 ijk il l
N1No Tre? {J]’ ﬂm}elm{J’ frg '}:

N+ N3 1 i v vt
= [T + Aje| 0551000 Ommy — \/ﬁ Tr {J 7Y32m} { ’ j’Z’ ’} )
_j27 ] = £ + 17
AJM = _](] + 1)a =41, (B8)

21, j=l-1.

This result is obtained using generalized Jacobi identities and the properties (A.34)-(A.38)
of [B2. Also,

o] - ] T e )
e+ 1) b (B.9)

upon using generalized Jacobi identities and (A.34)-(A.38) of [P3]. So we see that knowing

{J ' legm} gives us valuable clues to learning €% { JJ, Y]’}m
In fact, it is easy to evaluate

N? — N3

tr WiG+D

Yim. (B.10)

— 2y 1 =
) j]m} \/JTl) [J 7Y3m]

A more tedious calculation, using (cf. the signs of eq. (A.4) in R27)) J = %é_lfr -
5811 +&J° and (BF) is

{Ji, ( }_[\/ -m)(j—m+1) { 7Yj7m+1}

JHLm G+D@2ji+1)
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jafam {JZ’Y;ng}

L [(G+1)2— BNl [N ()2
1 \/ 1 4 Y

J+1L17m \/(J+1)(2]+3) +lm

) NI-NT

J,J7, M 4 /j(j+1) Jm
o V- Qo Cuel ey
J—Lj,m - Vi(2j—1) Yi-1m

Table 2: Expressions for {Jl,Y]lem}

VG +m)G+m+1) Vi+1) { 7Y
G+Di+1) Vi+1 2J+1 o
V16 + 12 - Gl gl 11y

B G+ D(2j+3) Fre (B

{J+7}/j,m+1} +

Similarly,

Yl - Bty el o
325 1)

These are summarized in table fl. The results of table [, inserted into eq. (B.§), now

Tre”k{Jj,lezm} im {Jl, ]1,7;/ /} These

{7 Y jm) =~

Y tm. (B.12)

allow us to tabulate the inner products \/W

are given in table f.

The results of table [, inserted into (B.9), yield,

[Jl, {Jl’eijk {JJ’ g+1;m}” _

42 ‘ (N1 — N2)2. (N1 + No)2 ;
=293 \/[(J + 1) = e U DY,

+](] + 1)Eijk {Jj’ Jj+1,7, m} ’ (B'13)

and

.t ]

= -2 u\/[]2_ (N1_4N2)2][(N1 +N2)2

- jQ]YjZ+17j+1,m+
G+ D LI YE o) (B.14)

B.2.2 The antisymmetric anticommutators of vector spherical harmonics

Now let us start working out the anticommutators (B.7). Note that

e L,k i{JY,

2 1 ijk [ 73 ,
hn} = e e = e L e

(B.15)
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J+1,5'm Jg'm
o [(+1)? = CasNal N (541)2)
jtLam O (FDE3)
N2_N2 »2_(N1*4N2)2 (N1+N9)2 5 2 2 e 2 A72)2
(5t -5l N —— (NI;NZ —iG+1) - S )
45/ (+1)(2j+1) Uy

ViG-1)2 - D8R N (e a2
Jj— ij g2’ \/J(J D(2i-1)(27+1) 5j*1 j (NliNQ)\/

o (Nl 2) (N1+N2) .o ? 4j\/(j_1)(2j_1)
x\/[j? — = -

Jjm|—dj 41

Ni{—N9)2 .1 (N1+N3)2 .
[jzf( 1 = 2) ][( 142 2) —j2]

J —1j'm
N2 N2 . .
63-]-/( S aninb Al R
J=L0m| g2 Ny o) _(j+1)2])

+ GTD(779)

Table 3: Expressions for \/ﬁ Tr 'k {Jj,Yj’}m} itm {JI,YJZ;T ,} all vanish unless m = m/.
Note that the table is essentially symmetric; the blank entries can be deduced from the rest of the
table.

Given eq. (A1), it is therefore sufficient to determine {J%,Yj,, }. Moreover, it is easy to
work out the inner product of the latter with Y7,

]Jm
4 1
Y, LT T ) = Tr {J [JZ,YT ]}Y
N1N2 ij { ]m} NlNQj(]+1) ]m Jm
1
= T (I3]0 ] Y
NiNaj(j + 1) [ ymy
N2 — N2
= 250G - (B.16)
4,/jG+1) "’

Comparing the spherical harmonics in ([B4) to those in (A.33) of B3, it is straightforward
to see that at most {J ,ij} also has pieces proportional to Y, 254 1,m
\4 \4 and Y}

Y]+17]7m’ Yﬂjflvm’
Matching coefficients yields only

7,73+1m “j—1,9,m —2,0—1m"
. Ni—No2)271 (N1 +N2)2 .
e v e et s USR5
y Yimyp = —— ii—lm T T =t jim T
’ (27 +1) 7 4/iG+1) 7
. Ni—N2)2 1 (N1 +N2)2 .
VIG +1)2 — Do el Qeha? gy
- __ Yiioim (B17)
27+ +1) c
Thus,
. ) Ni— N N .
T ggm 2j +1) Ji—1m 4 (]+ ) Jgm
. N Ni+N. .
il 4+ 1)2 — DN Qe gy
+1 R - Y},j+1,m' (B'18)
(J+1DV(25+1))
Now let us evaluate
LI Y jim ) (B.19)
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Eq. (B.1§) immediately allows us to evaluate, [transferring the anticommutator to in,];,m,

gives a minus sign from the e, but there is another minus sign upon using Tr ATB =

(Tr Bf A)*]

Try’ eiﬂ”f{Jﬂ’,Y/f }:

NNy gty a+Lym
. . N1—N3)2 N1+N3)2 .
B U e e | et LR 20
— 05,5/ -1 / ] - > .
e (G +1)V/(25 +3)
and so, schematically,
. . N1—N3)2 71 (N14+N2)?2 .
eijk{Jj vk }—i\/(=7+2)[(=7 +1)2 — PRl BMERRE +1)2]><
o G+ DVEj+3)
X }/}Z+1,j+1,m + Y]jl/,j/j:l,m/' (B21)

Plugging into (B.13), the term proportional to Yf 1,j+1,m cancels, so we see that the re-
maining, schematic terms, have eigenvalue j(j 4+ 1) under the action of [Ji, [Ji, ]] This

means that
. . N1—N5)211 (N14N>)? .
Ez‘jk{Jj vk }:i\/(y+2)[(y+1)2_< 1Ny (N1 4 M) _(]+1)2]X
S G+ D)V +3)
<Y1 jirm T iAmY 1 jm + Bim Y1 jms (B.22)

with A and B to be determined. Similarly, (B.14) and (B.1§) imply

. e N e
emk{JJ,Y-’il m} :z‘\/(] il o EN
I 3V(2i—1)

X Yf—1,j—1,m + Z’Bjmyfﬂ,j,m + iijin—l,j7m’ (B.23)

where the same symmetry that implied the coefficient of Y/

_1,j—1,m also implies that the

value of B is shared.
From table [§, (note that this is satisfied by (B.1§)!) we learn that

(42 +1)? — RS - (1)
(+1)%(25 +3)

+ [Ajml® + |Bjm|* =

_ 2 2 .

_ NN D Bl (Bl (4 1)?)

2 (J +1)(25 +3) ’
(B.24)

. . _N5)2 2 .
U e v e et BT O
2@ -1 gl m
. —Ny)2 2 )
R I e s e b PP
2 S i(25+ 1) B
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\/(j +2)[(j + 1)? - CagPel LRl _ (4 gy
U+DV(25+3)
[NT - NQQ]\/(j +2)[(G + 1)2 — WaLRP MNP (54 1)2)

Ajm+

+ ; ; - =
A+ 1) +2)v2j +3
VP NI+ 12 - QR R (5 g (B.27)
4G+ 1)V +2)(2j +3) o
s s e e
PTES Bjm =0, (B.28)
R e e it O
NG "
LIVE - NG - - PR
452(j —1)v/2j — 1
N2 _ N2 j2 _ (N1=N2)2 71 (N1+Na2)? _j2
_NE - M3 T | (529

453/ — D2 — 1)

These are respectively the inner products of (j + 1,7, m) with itself; (j — 1,7, m) with
itself; (j +1,7,m) with (j — 1,4,m), (j +1,7,m) with (j + 1,5+ 1,m), (j + 1,4, m) with
(j—1,7j—1,m),and (j —1,4,m) with (j — 1,7 — 1,m). In fact, we only need the last three
to find, finally, that

. . N1—N3)?2 N1+N3)2 .
eijk{ﬂ Yk, }_@'\/(J+2)[(J+1)2—( i i _(]+1)2]Y? ‘
 Lj+1,4,m (5 +1/(25 +3) L Lm
NP — N3
_12/7 . .
4(]' _|_ 1) ]+17]7m’
Ny — N, Ni + N
Mol G e MM icm<en (B
. . N1—N23)2 71 (N1+N2)? .
e v }—i\/(JJFI)UQ—( S S RO L\l 3
»Egm T JV(2j+1) PIhm T (5 4 1) ™

Vil + 12 - QOB el 41y

G+UVZ 1) s
NNl Sy vy <5< TEN2 1, (B.30b)
—j<m<j
i . N1—N2)2 11 (N14N>)? .
eijk{ﬂ YE }:i\/(f—l)[ﬁ—( S | _JQ]Y?' o+
yLi—1,79,m ] (2] — 1) j=1j—-1m
N2 _ N2 )
i Y s

4j

— 24 —



N; — N- N N-
%gigg—l,jzl,—ﬁmmgrl

(B.30c¢)

In particular, the action of €% {J 7, } preserves the jm values of lezm! Also, the coefficients

of “out-of-range” vector spherical harmonics on the right-hand sides of these equations (e.g.

the first term for j = % in (B.30H)) vanish.

B.2.3 Eigenvectors of (B.6)

We can now “solve” the eigen problem (B.f). Before presenting the gory details, let us
present the solution in a (hopefully) transparent manner. The solutions are labelled®

+

Y njms (B.31)

with corresponding eigenvalues
Mnjm = (7 +2)(G = 1) + Anjim- (B.32)
Generically, n = —1,0, 1, M -1<5< w and —j < m < j. However, n does not

run over all three values for all j and j does not reach the lower limits for all Ny, N5. So

more precisely, the allowed values of j are

joqo Mt Ne Ny= Ny =1
2 T
Ny — N. N1+ NV,
%ZOSJSN:%’ Ni=No=N>1,
B.33
MM 1oyl MMy NNt o
2 2 =7 =" 773 2 T ’
N; — N. Ny + N
%_1§jg%, Ni <Ny —2or Ny > Np +2.

That is, the lower limit of 7 must (not surprisingly) be nonnegative and (more surprisingly,
but this follows from the nonexistence of the vector spherical harmonic Y10 (in (A.33c)
of 7, w — 2= —1is invalid) for N = Ny = 1) if Ny = Ny =1 then j # 0 as well.

Jr
8 Alternatively, we could have chosen to use Y jo, as for the (ordinary) vector spherical harmonics —

and the spinors, but this seemed slightly unnatural.
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Ni=1,Ny =2 N1 =2,Ny=1
1 .3 1 .3
Ni=Ny=1 §§]§§ 5S]§§
j= j=43 n=0 ji=3 n=0
j=1 n=—1 )\07%’m:—3 )\07%7"1 =3
A1im =0 j=3 n=-1 j=3 n=-1
_ 3 _ _3
Afl,%,m -2 Afl,%,m - 2
(a) (b) (c)
Ni=1,Ny > 2 Ny >2, N =1
N2271 _ 1 é] é N22+1 Ni1—1 _ 1 <‘7 < Ni+1
j= NQ{‘D’ n=-—1 j= lef?’ n=-—1
A mpms = —3(Na+1) A m-s =35(Ni+1)
) 2 )
j= N2271 n=20 j= lefl n=20
)\0’ Np=1 = -3 )\0’ N1, = 3
j= N22+1 n=-—1 j= N12+1 n=-—1
AfLNQ;l, = 3(Ny—1) AfLNl;l’ =-3(N; - 1)
(d) (e)
N=N=Ny—1>1
1<j<N+1i
)\O,%,m = —%(2N+ 1)+ %\/4]\72 +4N -7
M= 502N +1) = JVANT +4N -7
)‘njm = eq. (B.40)
3 . 3
Ao N-tm =1+ 3VIBN +9
MN_ig,=2-3/I6N+9
3
J = N+% n=-—1
3
Afl,NJr%,m 2
(f)

Table 4: The allowed values of j and n, and the corresponding eigenvalues for the various cases.
It should be noted that although the values of the eigenvalues are always obtainable from
eq. (B.40), the corresponding values of n are not the same between the conventions here
and there, except when n is allowed to take on all three values. This table is continued. ..
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Ni=Ny+1=N+1>2 Ni=N=N>1
3<J<N+3 0sjsN
i=3 n=20,1 j=0 n=-1
Xotm = 3@N+1) + VAN +4N -7 A-100=0
Mim=5CN+1) - 3VINZ AN 7|1 <j <N -2 n=-101
$<i<N-3 n= 1,01 i NG
Anjrn = €q. (IB4d) ~0,],m - 7](‘7 + )
T Aljm = —3 N2 — (5 + 1)
J=N-3 n=01 =N _1 0,1
— ] = — n =20,
)\O’Nié’m__%—‘r%\/lfﬂv—‘rg A0, N—1,m _3\/N
X — _3_3 Ao N—1,m =
AL,N*%,WL = -1 —3VI6N +9 SNt = —3VN
j:N+% n=-—1 J=N n— _1
— 3
A—L,N-k%,m - 2 )\—LN,m =0
() (h)
|N1 7N2| > 2;N1,N2 >1
\N1;N2\ —1<j< N1‘2H\’2
j:wfl nzgl
Aol = 5 580(N1 = N2)(NV1 + Na)
j:% n=01
Ay vy -nyl = 35gn(N1 — N2)(N1 + Na) + §1/(N1 + N2)2 = 8[N1 — Nof
B A
ANy Nyl = 3 sgn(N1 — Na)(N1 + Na) — 21/(N1 + N2)2 — 8Ny — Na|
s
MRl 1< j< g 9 n=-1,0,1
Anjom = eq. (B.4d)
Z—NI;FNZ—I n=0,1
Ag NitNy = —3(Ny — Na2) + 2/(N1 — N2)2 + 8(N1 + N2)
T2 ’
/\O’NngNz_l’m = *%(Nl — Nz) — i\/(Nl — N2)2 +8(N1 +N2)
:—ngNz n=—1
)\71 Ni4Ny = —%(Nl — NQ)
T2,

(i)

Table 4: ... The rest of the table.
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The range of n depends on j; as the range of 7 depends on Ny and N, it might be
most transparent to separate out those cases at the risk of redundancy. See also table §.

Explicitly,
INt = Na| . N1+ Ny o
— Sis—5—m=—j...j
_1,0’1, ‘Nl;NQ‘ _|_1 S] S N1<5N2 _2’
. Nji+N:
_17 J= IT27
0,1 j="gR 1,
n=10,1 j= DRl s g and Ny, Ny > 1, (B.34)
0 0< =222 and (N =1 0r Ny = 1),
~1, j=0, (e j =22l ang Ny = Ny),
. |N1=Ng|
~1, j=2l >y

That is, generically, n = 0, %1, but not all values of j allow for all three eigenvectors. This
is particularly complicated as one must watch for possible overlap of the various naively
different cases; this is why there is a difference, for example, between having N1 = 1 or
Ny =1 and having Ny, Ny > 1.

The Y jm are constructed to be (normalized) eigensolutions to (B.6), with eigenvalue

Anjm, given by

Mg = G+ 20 = 1)+ Ao B.35)
where,
VBY/NE+ NF = 2j(j + 1)x n 041,
Anjm = 4§ X cos {@ — fcos! \/%77[N12+N12;fi;]{g+1)]3/2} RS IR E SR}
—H0% =) S
(B.36)

Given that the commutators preserve the vector spherical harmonics, and e*¢ {J b, }
preserves their first and last index, we can take

. a _Vva . a [N1—Na| : Ni1+No
Q1Y 1 0 Y g Y s B +1<j< 5722,
. . |[N1—N3|
Oéj,jY}l}m + aj,j'i‘ly_rjt,lj-l-l,m’ N1 7& Ng,mln(Nl,NQ) 75 1,_] =35

min(Nl,Ng) = 1,N1 75 Ng,j = w

Y(l
[Ny —Ng2| [Ny —Na| >
5 5 m

a __ . N1—N.
¢t = Yiitim: j=1 S d-1>0,
Y()alO7 N1:N27j:07
i 1Y + o, Y8 j = 20N 1 min(Ny, Np) > 1
5,i=1145—1,m 2,3 % jjm> J 2 ’ 1, £¥2 ’
. N1+ N:
Yt m j= 55,
—j<m<j. (B.37)

(This indeed gives 3N1 Ny possibilities. The constraint on the second line, and its com-
plement on the third line, comes from the upper bound on j in eq. (B.30d). There is
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a similar constraint on the second-last line, with no additional complement; indeed, if

min(N1, No) = 1 then w —-1= M, and so not only would the second-last line be

redundant with the third line, but eq. (B.304]) shows that there is no Yf i—1,m for this value

of j.) Then (A.35), (A.37) of R and (B.30) transform the eigenvalue problem (B.4) into

the eigenvalue problems,

G+2)(—1)— 2 M= ;N G+l - BNl MR o) 0
A iy/(25+1)
Jusnpa- By (N gy (G2 —1) 4 3NN 3\/j[u+1>2— (N1 =Ny (N2 _(j41)2)
V@it J T4 15GHD G+Dv/i+1)
0 3 Yiln2 - N2 (N2 (o) G+2)(G—1)+ 300
(G+1)4/(25+1) J J 47 j+1
Qjj—1 Qjj—1
x| oagy | =N iy | BRI < < M2 g,
Qj,5+1 Qj,5+1
(B.38a)
(N{—Ny)? [Ny —No| Ny +N. V/2[N1 —N3|[N1 Ny — [Ny — N3 |—1]
ot — 24 3sen(Ni - V)RR P 3 N1 —N2[+2
V/2|N1 —N3|[N1 Na—|N1 —Na|—1] (N1=N»)2 | |[N1—Ny| 3 N2-NZ
3 [N1—N2|+2 3 4 =+ 12 -2+ 2 \N11—N2\2+2
QU|Nj—No| |[Nj—No| Q|N)—Ny| [Nj—No| N7 — N-
% —lr=2, === = ANy —No| st 7j:|1272|7é07min(N17N2)7517
OUINy —Na| [Ny —Na| T\ NNl NNyl
2 ? 2 2 ’ 2
(B.38b)
(N1—N3)? [Ny —Na| Ni+N.
( 1 1 2 4+ 12 2 —2+3sgn(N1—N2)m) (a\N1;N2\ \N1;N2\)
N, — NG| (B.38c)
= AN -y (OLMLQNQ\) = ,min(N1, No) = 1, N1 # Na,
2
((lezvz)? _ \ngNz\ — 24 2(N1 + N2)sgn(Ny — Ng)) (O”NligNﬂ_LW)
B.38d
= ANy —Ng| (a\leNz\ \leNz\) j:M71>0 ( )
12 2l 4 o2l =2 ) 9 =Y
(*2) (ao,l,o) =X (Oéo,l,o) ) N1 = Na,5 =0, (B.38e)
(N1+4N2)2 . N1-2FN2 _9_ %NNi;VN§2 3\/2(N1711v)<iv12v71)2(N1+N2) <o¢N1+N2 1 Ni+No _2>
1 2— 1 2— 2 ? 2
2(N1—1)(Nog—1)(N1+N3) N1+N3)? Ni+N. N1 —N.
3\/ 1 N1+12\72—2 1 2 (N1 B 2) 1'2F 2 72+3N1-1+N232 aNl;Nzil’NI;szl
QNy+Ny | Ni+Np N- N-
=ANang 2 L= 2 7 jzgflzoy
-2 OéN1+N271 Ni+Ny 4 2
2 ’ 2
(B.38f)
((N14;N2)2 " N1-2FN2 —9_ %(Nl _ Ng)) (aNlerNQ’NlerNz_l) = ANﬁerz (aNI;NZ’leNQ_I) R
. N1+ N2

For the generic (M +1<5< w —2) problem, the eigenvalues \ are given by

A=0G+2)G-1)+ A (B.39)
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where

3 i 2n+1) 1, [27 N2 — N2
A=V6y/N2 4+ N2 -2 1 m@ntl) 1o )2 L
\/_\/ 1 + 2 ](] + )COS [ 3 3 COSs 3 [N12 n N22 _ 2](] T 1)]3/2 )

n=0,+1, (B.40)

are the roots of

5\3_9[N12+N22

5 -3+ )}AJr 7(N1 N3) = 0. (B.41)

The eigenvectors — for Ni # Na—are then given by

Y . . e 2 2 .
[NZ — N§ — 430 + D)y [j2 — DLDal(aeha)® _ o

4 Y . m"’
2]+ D P
LN DGV N
JG+ r o
- . N—1—N3)2711 (N1+N2)?2 .
(N2 = N3+ 40/ [+ 12 - O ARl (54 1y
_4 : : Y itim, (B.d42a)
VU+1D2i+ 1)k
256 512
o= [0+ NG + 1) - 217 - P - N R

- |5 - i+ 1 - Gt - ) 3

(B.42b)

9 N} + N3
—16[N12—N22]2|:]2+]+3—¥:|.

2

As checks, note that the \’s sum to zero, which agrees with the trace of the matrix of the
eigenvalue problem (after subtracting (j 4+ 2)(j — 1)1). Also, the product of the X’s can be
evaluated using

1 1

2tz 2m™n T . 2mn . 3T 3 x 1

H cos| — + =) = H COS —— CcOS — — sin——sin — | = cos” ———C0S — = — COS .
3 3 3 3 3 3 3 4 3 4

n=-—1 n=-—1

Thus, the product of the \’s is

1
H A =6%2(N2 + N2 —2j(j +1)%2 cos

n=-—1

27 N2 — N
T — COS — L 2
8 [N? + N3 —2j(j + 1)]*/2
27
= ——(N1 N3). (B.44)
which agrees with the determinant of the matrix.
When j = w — 1, the eigenvectors and eigenvalues \ of the relevant matrix

3 N?-N2 3\/2 (N1—1)(Na—1)(N1+N>)

2 N1+N2 2 N1+N2 2 (B 45)
3\/2 (N1—1)(N2—1)(N1+N2) 3N ’ '

N1+No—2 + N1+N2 2
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are

/1 v 1 v
5 + 5YN1J5N2_17N1-§N2 —2m + 5 + 5YN1-2FN2 _1’%_17"@’

~ 3

A= —§(N1 - Ng) + v, (B46&)
_ 3(Ni = No)(N1+ N2 +2)
| N1+ Ny —2 ’

v = % (N2 — N2)2 +8(N; + Ny). (B.46b)

For Ny = Ny = N, there is an enormous simplification of the generic problem. We
find the normalized eigenvectors

JIN? =G+ 12 GrON =7,
i \/<2j +DIE =G+ ] \/@7’ FOINE— G+ D]

A=0, (B.47a)
(J +1)[N? — ] . 1. JIN? — (5 +1)?] N
2025 + DINVZ 3 1] P E g am \/2@7 O =G+ D)
A =43/N2—j(j + 1), (B.47b)

for 1 <j < 2 and

Yoo, A=0, (B.47¢)
1 1 -

— Y NoaN-2mE—=YN_IN-1m  A=E3VN,N #£1, B.47d

7 N—1,N—2m 7 N—1,N—1,m 7 ( )

YN,N—l,m7 5\ =0. (B47e)

C. Finding the masses of y

Below we give the details of finding the masses for the fermionic off-diagonal fluctuations
X- This part of the action (B.9) is (after integration by parts)

) . 1 . . . T 1
(Stermion)o.d. = 2Tr (szx + X7 (i) + Jiyx) - ;x*v“x - ZzXT’YHBX) ., (C)

which gives the Dirac equation

o~ Doy toam L (7,3 ) x=o. (C.2)
1 4 3 ’

Squaring the Dirac equation, i.e. acting on the left with the conjugate Dirac operator

—i0y — %7“ — Z%’}/u?’ + %Vi {Ji, }) gives the “Klein-Gordon” equation

b

2 V™ b abzb 1) L o103 g 12iji j
0tx+2;vx+7x+ 1) x—igy YT X+ 3) " {7, {J7,x}} =0. (C3)

,31,



Upon setting v* = vd* the term i”—:WbX becomes iﬁygx. Since 77 commutes with the

123

other gamma matrices, i.e., Y24 and v%97, in the e.o.m., we can first diagonalize w.r.t.

+?. Upon the projection

1447
Xt = =5 (C.4)
the e.o.m. separates into + parts
b,.b 2 2
v xr’x 1 1 S 1 o . )
8152Xi il;Xi + 7)(1 + <Z> X+ — 26’)’123’)’2 {JZaXi} + <§> vy {JZ7 {J]7X:|:}} =0.

(C.5)
We see that the difference between the 4+ and — components of the e.o.m. is just x4+ — x—
and v — —v. Hence in the following let’s first concentrate on the x4 equation and suppress
the + subscript. Readily seen, solutions to the eigenproblem

iy T X = Ax, (C.6)

(which implies that ' {Ji, {Jj,x}} = A\?Y) diagonalize the e.o.m., giving the mass
squared for x; (after Wick rotation v — —iv)

2
9 v o x%® Al
mx+=;+ ILL2 + <§_Z 9 (07)
and similarly the mass-squared for y_
2
s v ozt Al

We first look at the eigenproblem ([C.6) for x,. Adopting the gamma matrix representation

9 8%x8 i Y
9 7 - ~i\T 9 C9
7 ( 0 —18><8> ((’VZ) 0) ( )

(with 4%’s being 8 x 8 matrices; more specifically, ' = im ® iTo ® iT2, 72 = 1 ® 71 ® 79,

of [R] where

and 72 = 1 ® 73 ® iT9, with 71, 72, 73 being the standard Pauli matrices), we see that y is

Y = (90*) , (C.10)

where 6 is a 8-component spinor. Then eq. (C.6) becomes

of the form

1Rinel {Jh 0} —inen @l {J%0.} —ineonel {J%0,} =iNd,.  (C.11)

X— = (;) , (C.12)

and the eigen-equation for y_ in terms of #_ is the same as eq. (C.11) with 6, — 6_.

Similarly y_ is of the form

Hence we see that x4 and y_ have the same eigenvalue A. To solve eq. (IC.11]) we do the
projection

1—7’2

0+ =01+ 05, with 61 =

1164, 0=

1
272 ®1916,, (C.13)
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which diagonalizes the first gamma matrix in the direct-product of three of them in
eq. (C.11) (the third gamma matrix is already diagonalized automatically). Hence we
can write #; as a two-component spinor acted upon by the second gamma matrix and the
eigen-equation becomes

{rodt — 7 J? — 133,01} = M6y, (C.14)

(where we have added the subscript 1 to ) and note that for each value of A\; there is a
degeneracy of two 6;’s (coming from the third gamma matrix, recalling that #; has four
real degrees of freedom). Similarly, the equation for 6, reads

{TQJ1+T1J2+T3J3,92} = Aofo, (C.15)

(where we have added the subscript 2 to ) with a two-fold degeneracy for each value of
Ao. Below let us first solve the equation for 6.
Denote the matrix (7’2!]1 —nJ? - 7'3J3) as A1 and act it on 6, twice, we get

{A1,{A1,60,}} = Aj6y, (C.16)

whose L.h.s. after some algebra can be written as

2(/\(1) +A(2))91 — [Ji, [JZ,Ql]] —+ 7 [Jl,(gl] —T1 [J2,91] — T3 [Js,(gl] . (C.l?)
Then we write
B

01 = , C.18
() -

expand f.1 NNy NNy

2 l 2 l

B= > > BmYim =D, D mYim: (C.19)

1= 1N1—Na| m=—I 1= 1N1—No| m=—I
2 2

and plug them into eq. (C.17). Solving the resulting equation we find the eigenvectors for

the operator {Ay,{A1, }}, which we summarize below:
l _ |N1*N2| N1+ No
SR T

— 1 and for any given [ there are two cases:

Case A: \? = @ — (I + 1)2, which has a degeneracy of 2 + 2, with 2[ states

given by
© [ldml
(Z\/?}/lm> form: —l7...7l_17 (CQO)

Yz,erl

and the other 2 states being

0 Yu
<Yl,—l> and <0> . (C.21)

L2 NEENE o s . : . :
Case B: )] > [#, which has a degeneracy 2/, with the states given by

_ s/ l=m
< ? l+m+1Y2m> for m = —l, - 7l — 1. (C22)

Yz,erl
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One can check that the total number of states in cases [A] and B is equal to 2N1 Ny as
expected.

Next we solve for the eigenvectors of the operator {A1,-} by making linear combina-
tions of the those of {A1, {Ay,-}} found above. To do this we have to make extensive use
of the formula (B.4). We find

e Take the extremal value | = w — 1 in the case [f] above, all the 2] +2 = Ny +
Ny eigenvectors of {Aq, {A1,-}} worked out above are automatically eigenvectors of

s : Ny—N
{Ay,-}, with eigenvalue being \; = =251,

e Take the extremal value [ = w in case B, all the 20 = |N; — Ny| eigenvectors

of {A1,{A1,-}} worked out above are automatically eigenvectors of {Ay,-}, with

eigenvalue being A; = (N142FN2) (‘%i:%z‘)

e For generic values of [, one has to choose a state from case [A] and a state from case

| N1+No
RN 5

and linearly combine them. The result is: | = |N1§N2 , — 2, for any given

2 2
[, the eigenvalues of {Aq,-} are A\j = i\/w — (I +1)? with a degeneracy 2l + 2.
We omit the expressions of the eigenvectors here since those are long and won’t be
needed anyway.

As one can check, the total number of the above eigenvectors for {Ay, -} is
Nl-;NQ _9

Ni+ Ny + [Ny = No|+ > 2020 +2) = 2NNy, (C.23)

l:‘Nl_NQ‘
2

as expected. This completes our solving the eigenproblem ([C.14).

The eigen-equation (C-15) which we write as {Ag, 02} = Ao with Ay = (o J1 +7J2+
73.J3) is now easy to solve. One can readily check that if §; = (g) satisfies {A1,01} = A6,
then 6y = <—ﬁn) satisfies {Ag, 02} = Aofs with Ao = Ay, i.e. Ag has the same eigenvalues
and degeneracies as Aq does.

Let us summarize the off-diagonal fermionic fluctuation x’s mass spectrum. The mass
spectrum of x4 (which has a total number of 8 N1 Ny real d.o.f.’s) is

v Xzl A 1)?
=/ - - — = C.24
My, L + MQ + <3 4) ) ( )

with
Ny — N
A= %, degeneracy: 4(Ny + Na),
Ni + N N; — N.
A= 1—; 2 <’N1—N;>7 degeneracy: 4Ny — Ny,
joNi=Ne| NNy
2 )t 2 )
N2 + N?
A= i\/% —(1+1)2 degeneracy: 81 + 8, for each sign. (C.25)
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The mass spectrum of y_ (which also has a total number of 8 N1 N real d.o.f.’s) is obtained

from that of x4 by simply changing v to —uv.
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